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DEFORMATION BOUNDS FOR A CREEPING STRUCTURE
APPROACHING RUPTURE

A. R. S. PONTER

Department of Engineering, University of Leicester. Leicester, England

Abstract-The paper discusses the application of an energy principle [10] to constitutive relationships which
describes the creep rupture of metals. It is shown that a bound on the displacement of a body subject to constant
load, may be evaluated prior to the instant when rupture occurs at the most highly strained region. For a certain
class of compact structures the bound is reduced to a simple form involving the rupture behaviour at a mean
stress. An example of a two bar structure shows that the displacement bound may, in some circumstances, be
translated into a lower bound on the time to initial rupture.

1. INTRODUCTION

THE lifetime of many engineering structures which operate at high temperatures depends
upon the rupture property of the material. Continued creep deformation, which occurs in
metals and alloys at temperatures above approximately half the melting temperature,
produces degeneration of the material structure. Cracks and voids appear and ultimately
failure occurs. The mode offailure may be a crack propagating through embrittled material
or large plastic distortion of a plastically weakened material. Although the broad features
of this behaviour have been known for some time, attempts to predict the behaviour of a
body approaching rupture have occurred only in recent years. The problem requires, at
the outset, a description of material behaviour which takes into account the degenerative
effects of creep deformation. A most promising theory has been developed by Kachanov
[1,2], which is discussed in the recently translated book by Rabotnov [3] and the mono­
graph by Odqvist [4]. In this theory the actual stress (1 in a uniaxial specimen is assumed
to be intensified by a damage function w which represents the loss in effective cross­
sectional area due to the presence of cracks and voids. Thus the conventional stationary
state creep relationship

(1)

(2)

becomes

i=k(I~Wr.
where i denotes the creep strain rate, k a material constant, and n the creep index. We
will assume that n is an odd integer. When w increases from zero the strain rate predicted
by (2) exceeds that of (1) and becomes infinite when w = 1. The change in w as time in­
creases is predicted by a further state equation

(3)
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where A and v are material constants. A full description of the predictions of equations (2)
and (3) may be found in Rabotnov's book [3J, including some extensions. Here it suffices
to mention that the predictions of creep rupture time (when w = 1), and the strains at
which rupture occurs may be adequately predicted by equations (2) and (3) but the form
of the strain-time curve is less faithfully reproduced.

Equations (2) and (3) may be generalized to a general state of stress in a variety of
manners and the forms most appropriate to metals remains an open question at this
time. A particularly simple form appears when it is assumed that the degeneration may
be described by a scalar function and that the material remains isotropic (or retains a
constant degree of anisotropy) as creep deformation proceeds. Such a model would be
consistent with random void growth and cracking with no preferred directions developing
in the material. In terms of a homogeneous function of the components of the stress tensor
aij of degree one, <p(a i), the generalization of (2) and (3) becomes

(4)

and

(5)

where

Sij = aij/(l-w).

It appears unlikely that (4) and (5) have wide applicability, as the requirement that (4)
shall coincide with the usual steady state creep relationship when w = 0 requires that <p
shall depend only upon the deviatoric stress components and be independent of the mean
hydrostatic stress. The consequence of the assumption that OJ is independent of mean
hydrostatic stress, seems implausible in general. For certain metals, however, creep rupture
appears to be governed by a maximum shear stress criterion (see for example Henderson
[6J and Hayhurst [5J) indicating that equations (4) and (5) may be appropriate in some
circumstances. The equations may well be of use in problems where the principle stress
directions remain reasonably constant in time and where one stress component has the
dominant effect. Equations (4) and (5) are introduced here for purely pragmatic reasons,
which will become apparent late in the text.

The predictions of the behaviour of structures using these equations has occurred
only fairly recently. Some simple examples are included in Refs. [3J and [4]. Recently Hay­
hurst [5J has investigated the behaviour of a plate containing a circular hole under tension,
both experimentally and theoretically, using equations of a similar form. Solutions for
parallel bar structure and a thick walled tube under internal pressure are included in the
report of Martin and Leckie [7].

The problem of predicting the creep rupture of a structure has features which are not
untypical of many structural calculations. To arrive at the quantity of interest, in this
case the time when the full-scale rupture of the body occurs, necessitates the calculation
of the complete history of stress and strain over the entire history of loading. Such cal­
culations are often tedious and expensive in terms of effort. Martin and Leckie have
investigated the possibility of predicting the rupture time without carrying out a complete
analysis. In [7J they have described a method of calculating a lower bound to the rupture
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(6)

time for a class ofparallel bar structures which involve the calculation of "modal" solutions
to the problem. These "modal" solutions involve constant stress histories and are much
simpler to evaluate than the complete solution. A further upper bound is described in [8].

The author has been involved in the development of general methods of approximate
analysis of structures using energy methods. These methods allow the prediction of bounds
on the displacement and deformation of structures, composed of inelastic materials, in
terms of equilibrium stress fields. The theory is developed in its various aspects [9-13J for
time dependent materials. The purpose of this paper is to recount an investigation into the
application of these theorems to a body composed of the material described by equations
(2), (3), (4) and (5). To achieve this end it becomes necessary to investigate the problems
associated with unstable materials which fail to satisfy certain conditions which are
required for the derivation of the bounds. It is shown that only limited information may
be achieved and the prediction of the time to creep rupture due to plastic collapse or un­
bounded creep displacement remains beyond the scope of the theory. However, it is possible
to derive an upper bound on the displacement of the structure from the time of initial
loading to the time when rupture first occurs at some more highly strained point in the
structure. This more limited objective is pursued analytically for the case n = v to produce
a direct relationship between the deformation of the structure and the plastic limit load
associated with the yield condition

cP(O'kl) = O'}"

where 0'y denotes the uniaxial yield stress. It is assumed that plastic behaviour of the
structure involves the complete volume of the body being at yield at the limit state, and the
theory is therefore confined to compact structures. It is then shown that for structures with
a single kinematic redundancy this bound may be interpreted as a lower bound to the
time when rupture first occurs at the most highly strained part of the structure. The bound
is computed for a structure consisting of two parallel bars. Comparison with the analytic
solutions indicate that the predictions are acceptably accurate.

In Section 2 the bounding method is described and the difficulties associated with
unstable materials are discussed. In Section 3 the extremal stress histories involved in the
bounding method are derived from the Katchanov equations. The analysis is first carried
through for a uniaxial stress state and subsequently generalized in Section 4. In Section 5
the bounding method is derived in terms of the plastic limit state and in Section 6 the result
is applied to a two bar structure.

2. THE APPLICATION OF AN ENERGY THEOREM TO UNSTABLE
MATERIALS

The energy theorem [9, 10] concerns the behaviour of a body with volume V which is
subject to time constant surface tractions Pj over part of the surface which we denote by
ST and suffers no displacement Uj over the remainder of the surface Su'

The loads are applied at time t = 0 and the subsequent quasistatic deformation results
in displacements uj(Xj, t). In [9J an upper bound on the total deformation was derived
which, on ignoring elastic strains, may be expressed in the form

SsT Pjuj(T) dS s (A. ~1) Iv w(At1fj , T) d V.
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Here (Jfj denotes an arbitrary statically admissible stress field, in equilibrium with Pi on
ST, and Ais a parameter which may have any value A > 1. The function w((Jj, T) provides
the maximum value of the integral f~ E;/Jij dt amongst all possible stress histories which
satisfy the conditions (JiiO) = °and (Jij(T) = (Jj. Thus

w((J0, T) ~ f: Ei/'Jij dt. (7)

The derivation of (6) presupposes that the constitutive relationship satisfied three
conditions.

(1) For a small instantaneous change in stress d(Jij' the resulting small instantaneous
change in strain dEij satisfies the Drucker stability condition [14]

(2) At an arbitrary state of stress (JiiT) which is the terminal stress of some stress
history commencing at (JiiO) it must be possible to instantaneously change the stress to
the terminal state of any other similarly defined stress history.

(3) The maximum complementary energy function Wmust be finite. The condition (3)
arises from purely practical considerations whereas (1) and (2) are sufficient conditions for
the derivation of (5). These conditions are generally satisfied by constitutive relationships
which describe the creep and plastic deformation of metals. The creep rupture relation­
ships of the form (4) and (5) are however unstable in some sense and violate at least one of
these conditions once rupture is allowed to occur.

To simplify arguments we first refer to the simple creep rupture model whose behaviour
is described for uniaxial stress (J > 0, by

i = k(Jn, E < Ef ;

and either,

E ~ Ef , (J = 0.

or

i ---+ eXJ, (J > 0. (8)

Rupture occurs at a critical strain Ef prior to which the usual homogeneous relation­
ship holds. When rupture occurs either the stress is zero or the creep rate is indeterminate.

The model contains the principal features of the Kachanov equations in a much
simplified form. We now proceed to show that the conditions for (6) are contravened. This
is most easily achieved by showing that the complementary work f~ [;(J dt may not be
bounded from above. Consider the stress path shown in Fig. 1. Within the time interval°< t < t 1 a sufficiently high constant stress is maintained to cause rupture at t = t 1 .

The stress is then reduced to zero and remains zero until a time t 2 < T. A finite strain e
is then produced by imposing a stress for an instant. The magnitude of emay be as large as
desired. The stress remains zero again until t = Twhen the stress is instantaneously brought
to its final value (J*(T). It is not necessary to calculate the complementary work in detail;
it is sufficient to notice that the complementary work during °< t < t 1 is finite and the
contribution at t = t 2 may be made as small as we wish, as an infinitesimal small stress
is sufficient to produce the strain e. The contribution from the stress change at t = T
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is given by s(J*(T). As S may be made as large as we like, the complementary work may
not be bounded from above. It may easily be shown that the Kachanov equations show
the same mode of behaviour in this respect as equation (8), as the unbounded nature of
the complementary work arises from the existence of a ruptured condition.

This difficulty may possibly be overcome by introducing a model in which final failure
occurs by plastic collapse at a reduced yield stress. Such a model is provided by the
equations

i; = v+P

v= k(Jn, P= 0, (J < (Jyf(V)}

P2 0, (J = (Jyf(v) ,
(9)

where f(v) denotes a decreasing function of the creep strain v, and p denotes the plastic
strain. A specimen of such a material will collapse plastically when (Jyf(v) reduces to the
applied stress. It may be shown that an increase in plastic strain at a fixed yield stress has
the effect of decreasing the complementary work [lOJ and the effect shown in the previous
model does not occur. Unfortunately this model contravenes condition (2). Consider two
constant stress histories (Jt > (J2 which results in creep strain vt(t) and vit). The current
yield values will differ, so that at some time t t there exists some stress (J3 which lies between
(J t and (J2' which cannot be reached by the specimen which has been maintained at the
higher stress level.
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(11)

(14)

As a consequence of these calculations we see that the energy theorem (6) will not hold
for the Kachanov equations, or a plastically softening material. We may, however, derive
~ theorem which requires less strict conditions on material behaviour. In [9J it was shown
that the stress histories which maximize the complementary work between prescribed
states of stress prov~des strain histories which minimize the work between prescribed
states of strain. We may derive a displacement bound by commencing with the assumption
that the work done between zero strain at t = 0 and strain cij(T) may be bounded from
below. We postulate that it is possible to find a function of cij' w(cij(T),T) so that

f: aiiij dt ~ w(ckt(T), T). (10)

We now seek a function O(Ck1 ) which satisfies

W(Ckt(T)) ~ O(ck/(T)),

and which also satisfies the convexity condition

Q(c0(T))-n(c;)T))- ( aC~j~T) t}Ci~(T) c;)T)} ~ O. (12)

Inequality (12) is equivalent to the condition that the stress-strain relationship

an
aij = - (13)

aCij

shall have positive slope when expressed in terms of uniaxial stress and strain.
A complementary work function Q(aij) may now be defined by the relationship

an

where (14) is the inverse of (13). The functions nand Q are related by

Q(ckt)+Q(akl) = ai/ij' (15)

The energy theorem may now be derived from inequalities (10), (11) and (12), which com­
bine with equation (15) to yield the inequality

(16)

The strain c}j may be interpreted as the strain within the body at time t = Tand the integral
on the left hand side may be taken over the history of strain which occurs at a point in the
body during 0 :::;; t :::;; T. We equate the stress arj to MIj where aIj denotes an arbitrary
equilibrium stress field in equilibrium with Pj on ST' Integrating inequality (16) over
the volume V and applying the principle of virtual work, we obtain

J. iTa;i;j dt d V = f iT P;li; dt dS = f Pju(T) dS
v 0 ST 0 ST
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which, on rearrangement becomes
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(17)

The inequalities (17) and (6) are identical except that the function Q has replaced w. Clearly
when w, which results from minimum work histories, is also convex then the two inequalities
are identical. The inequality (11) however allows a wider range of material behaviour, as
the bound exists provided any finite n may be found which satisfy the inequalities (11)
and (12).

We may now compute the minimum work histories for the models described by
equations (8) and (9). The analysis will not be given in detail. Figure 2 shows the minimum
work for uniaxial strain, together with the stress-strain relationship

dw
(J = dG'

for two times T1 and Tz . It can be clearly seen that w is not convex and that there exists
no non-zero convex function n. The model described by equation (9) exhibits the same
behaviour, except that Gf is replaced by the creep strain corresponding to f(Gf) = 0 and
the minimum work to states of strain G < Gf is somewhat increased.
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FIG. 2.
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It may be concluded that it is unlikely that a theorem of the form of equation (17) exists
for materials models which describe the creep rupture of metals once creep rupture has
occurred at any point in the body. We may, however, develop a theorem if we assume that
a rupture state has nowhere been achieved. For the models described by equations (8) and
(9) such a theorem would be very uninformative, as it would merely produce the com­
plementary energy theorem for equation (1). If, however, such a theorem is developed for
the Kachanov equations (2) and (3), the effects of material degeneration will appear in the
theorem. The theorem would remain valid while w < 1 throughout the volume and will
cease to provide a bound once rupture commences.

In the next section the extremal paths for the Kachanov equations (2) and (3) are
evaluated for a uniaxial state of stress, which are then generalized to the multiaxial case
in Section 4.

3. THE EXTREMAL PATHS FOR THE KACHANOV EQUATIONS: THE
UNIAXIAL CASE

As the conditions described in Section 2 are fulfilled by equations (2) and (3) provided
w < 1, we may adopt the procedure described in [10]. The extremal paths are evaluated
from the mimimum work condition, and we look for the history of strain e(t) which
minimizes

(18)

(19)

where J1 denotes a Lagrange multiplier. This objective may be achieved by re-expressing
equation (18) in terms of the damage function w, to yield

F= - IT t/J(w, w) dt

w> o.

(20)

We seek the minimum of equation (19) amongst the damage histories w(t) which satisfy
w(O) = O. The first variation of F is given by

IT (~t/J ~t/J)SF = - 0 ~wSw +~wSw dt

[ot/J _1T IT {d {ot/J} ot/J}_
= - owoWJ 0 + 0 dt ow - ow ow dt.

The condition SF = 0 gives rise to the natural boundary condition, on noting that
bw(O) = 0,

and the Euler equation

:t{::} -;~ = O.

(22)

(23)
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Equation (22) yields that

Jl = n+1 A- 1/'w(T)I/V(l-w(T)) = n+l (j(T).
n n

The Euler equation (23) may be integrated on noting that

d{.at/! } . {d (at/!) at/!}
dt w ow - t/! = w dt ow - ow '

so that

. at/!
w ow - t/! = constant.

515

(24)

(25)

(26)

Substituting for t/! in (25) yields

n-v (n+1-v)-v-Jli;(t)- v (j(t)i;(t) = constant

where Jl is given by (24).
In its general form equation (26) does not appear to possess a simple analytic solution.

However, when n = va simple solution does exist and we will pursue the analysis for this
case. Note that this assumption allows equations (2) and (3) to be integrated to give w(t)
as a function of e(t),

k
e(t) = Aw(t), (27)

and that the strain at rupture e = kja remains independent of both stress history and the
value of n. When 11 = v, equation (26) becomes

(je = constant.

On substituting for (j(t) and e(t), (28) becomes

wIn + II/n(1 - w) = constant,

which possesses the solution

(1- w) = (1- Ct)(n+ Il/(2n+ 1),

(28)

(29)

(30)

where C denotes a constant of integration. The stress and strain histories resulting from
equation (29) are given by

(j(t) = [~( 11 + 1 )J l/n(l_ Ctt/(2n+ II
A 2n+l '

e(t) = k~( n+ 1 ) (1- Ct)-n/(2n+ II.
A 211+1

The stress history may be much simplified on substituting

C = ~ = A~(0)(2::n, (31)
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to yield
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(

t ) n/(2n+ I)

a(t) = 0'(0) 1-1' . (32)

(33)

Before the maximum complementary work may be computed we may note that at
t = T a discontinuity in the stress history is likely to occur [9, 10]. The value of this dis­
continuity may be evaluated from the minimum work by the introduction of an elastic
strain [10]

a(t)
e(t) = T+ v(t) = e(t)+ v(t)

where e(t) denotes the elastic strain and v(t) denotes the inelastic strain. We are required
to find the minimum of

F = tEe2+ {T av dt + ll(e(T) +v(T) - c(T))

where II denotes a Lagrange multiplier. The minimum condition

of of
--=--=0
oe(T) ov(T)

results in the relationship

a(T) = dw(v(T))
dv(T) ,

where w(v(T)) denotes the minimum work to the creep strain v(T). From equation (30) we
find

on noting that

. (C( n+ 1 ) )(n+ 1)/n
W = avT = k - --

A 2n+ 1
(34)

dw

dv(T)

dw dC dw(T)
-----
dC dw(T) dv(T)

we obtain from equations (29), (30), (32), (33) and (34) after some algebra

n+l
a(T) = -a(T-)

II

where 0'( T -) denotes the terminal point of the continuous part of the stress history:

(

T)n/(2n+ I)

a(T-) = 0'(0) 1-1' . (35)

We may now evaluate the maximum complementary energy, which is found, after some
algebra to be given by

k n+ 1
w(a(T)) = - -[a(T-) - 0'(0) + Aan+ I(O)T].

A n
(36)
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Unfortunately w(a(T)) is only an implicit function of a(T) as the relationship between
a(T) and a(O), which is obtained from equations (30) and (36), may not be inverted
analytically.

Finally, to show that the solution (26) of the Euler equation (23,) provides a minimum
it is necessary to show that the second variation of F is always positive. The analysis is
given in Appendix 1 where it is shown that 15 2F is always positive.

An expansion of equation (36) as a power series in A demonstrates the effect of the
damage upon w(a(T)),

1 3n+ 1
w(a(T)) = -kan+ l(O)T - kAa2n + 1(0)T2-lA2a(0)3n+ 1~~ T 3+0(A3).

n 2 3(n+l)

In the limit as A ..... 0,

1
w(a(T)) = -kan+ I(O)T

n
and

n
a(O) = a(T-) = -a(T)

n+l

and we recover the result for equation (1) given in [9].

4. THE EXTREMAL PATHS FOR THE KACHANOV EQUATIONS: THE
MULTIAXIAL CASE

In this section the theory of the previous section is rederived for the general creep
relationships

(4)

(5)

(37)

(38)

where

Sij = aij/(I-w).

The analysis of the uniaxial case requires only slight extension as the equation for
w(t) will be shown to be unchanged. Following the argument of Section 3, the function F
becomes

F = fT aiiij dt - J-Lij{fT Bij dt - GiiT)},
o 0

where J-Lij denotes a tensor of Lagrange multipliers. As the function ¢ is homogeneous of
degree one the rate of work done becomes, upon substituting for ¢ from (5)

a {¢n+ I}
aijGij = Sij aS

ij
n+ 1 (1- w)

(
ciJ)<n+ 1)/v

= (1 - w)¢n + 1 = (l - w) A .
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The functional F now becomes

where
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(39)

(40)

(41)

(43)

(42)

Note that rfJ is identical to the corresponding uniaxial functional, equation (19), except that
/l has been replaced by /lij(04>/oSij)' The first variation of F is given by

IT {ow 8rfJ ow }(jF = ;;-<>w +~(jw+~S (jSk/ dt.
o (w uW 0 k/

The last term in the integral of (42) becomes

oljJ . (w) nlv (124).

aSk/Ski = Ii /lijoSk/OS}Skl'

We now proceed to show that (jF = 0 if

(44)

and

n+l
/lij = -n:<TiiT -)

where w(t) is given by (23). Consider the coefficient of (jSk/'

024> n+1 (1- w(t) 024>
/lir-"-- = Sij'

aSklOSij n /l(t) aSi)Skl

As 4> is homogeneous of degree one, the derivative o4>/aSkl will be homogeneous of degree
zero for each component Ski' Therefore, by Euler's theorem for a homogeneous function

Sij a;J:tJ == 0

and the coefficient of (jSkl is zero. The remaining terms in the integral of (42) now become
identical to the uniaxial case as

n+ 1 04> n+ 1-u..(T)-- = _.h(o- ..(T)
n 'J oo-ij(T) n If' 'J

where 4>(uiiT) replaces o-(T) in (24). Similarly from (44) we may write

(45)
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The analysis of the multiaxial case becomes identical to the uniaxial case except that O"(t)
is replaced by cP(O"ij(t)). The solution of the Euler equation becomes

n-v(n+l) (n+1-v)-v- --n- O";iT)eij(t)- v O"iit)eij(t) = constant.

For the case n = v we obtain

(1- w(t)) = (1- C't)(n+ 1)/(2n+ I)

and

(46)

where

The maximum complementary energy is given by

k n+l
w(O";i T )) = A -n-[cP(O";i T -)) - ¢(O"ij(O)) + A¢n+ I(O";iO))T]

5. THE DEFORMATION BOUND IN TERMS OF THE LIMIT LOAD
SOLUTION

In the previous section the deformation bound

(47)

(48)

(6)f P;u;(T) dS ::s; ~1 ( w(AO"f) dV
ST A- Jv

has been derived in explicit form by the evaluation of the maximum complementary work
wfor the Kachanov equation. We repeat here the value of w,

(48)

where

(46)

and

Although the functions involved are of a fairly simple form, it is not possible to express
was an explicit function of its principal argument O"iiT). The application of (6) requires
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the choice ofa particular ufj and A. from which the related stresses uii T -) and uiiO) are com­
puted for each point in the body. Certainly the computation is much simpler than a complete
analysis of the problem, but optimization of the bound with respect to ufj and A. will be a
time-consuming operation. In a previous paper [12] it was shown that the form of bounds
of this type could be considerably simplified by equating ut to the perfectly plastic limit
state solution, giving a deformation bound which required, for some structures, knowledge
only of the limit load and not the details of the limit state stress distribution. The results
were principally relevant to "compact" structures, which, at the plastic limit state, are at
a state of incipient plastic yield throughout the volume. Many of the simpler structures,
such as beams under flexural, axial and torsional loading, thick tubes under internal
pressure and plates under certain states of lateral and in plane loading, fall within this
category. Less kinematically restrained structures, such as portal frames and near statically
determinate pin-jointed frames, fall outside this category.

The adoption of a similar procedure for the theorem contained in equations (6), (46) and
(48) above produces an extremely simple bound which we now derive. We note that
although A. is a spatial constant, it may vary with time T. We are concerned with the inter­
related stresses ut, uiiT), uij(T-) and uij(O) and their relationship between each other is
shown schematically in Fig. (3). The function w(48) is an implicit function of uij(O) and we
therefore require a simple means of relating uiiO) to ufj. We may achieve this by adjusting
Jc(T) so that at all times

I.e.

art}

a (0)

ntr (0)
nil

n n
u ..(T-) = -A.U~· = -A.u,(O)

IJ n+ 1 IJ n+ 1 IJ •

a(T}- ntl tr(T}
n

------- ag-a(T}
-~-

"
" ,

....,,
""\ ,,

\
\
\
\
\

FIG. 3.

(49)
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This procedure may continue until A(T) = 1 when the bound (6) becomes infinite. The
appropriate value of A(T) is given by substituting equation (49) into equation (46).

n+l[ T]"/(2"+ll 1 2n+l
A(T) =-- 1- = , and = = Acf>"«Jf)--l

n T T n+
(50)

from which the range of T may be computed for a particular af).
For a general stress distribution (Jf) this computed value of A(T) would vary from point

to point within the body. We may evaluate a constant value of A(T) if a stress distribution
(Jf) exists for which cf>(af) remains constant throughout the volume. Such a distribution is
provided by the limit state solution (Jt associated with yield condition

(51)

where (Jydenotes the uniaxial yield stress.
Consider a class of loading states [Pi where [ denotes a loading parameter. There will

exist a particular value of I = lL at which plastic collapse will occur for a material satis­
fying the yield condition (51). The limit state stress distribution at; will satisfy equation (51)
for at least part ofthe volume, and we will assume that the yield condition is in fact satisfied
throughout the volume and write

(52)

so that

(53)

where aR denotes a mean stress for the structure. Thus we obtain from (50) the relationship

1 2n+ 1
==Aa"--
T R n+l

(54)

and A(T) becomes a function of (JR and n. Further w, equation (18), becomes a constant
throughout the volume, and upon substituting the relationships (46) and (54) into (48) the
bound (6) becomes

f Piu,{T)dS ~ ~(JRVf(n, ~)
Sr A T

where V denotes the volume of the body and

(
nT)= 1 [A_n+1 T(n+l)2]

f'T A(T)-1 n +Tn(2n+l)

(55)

(56)

where A(T) is given by equation (50).
The bound (55) requires knowledge of aR only, which may be computed from [L' In the

following section we investigate the application of the bound to a simple two bar structure.
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6. THE APPLICATION OF THE BOUND TO STRUCTURES

We first compare the upper bound with the analytic behaviour of a bar subject to
uniaxial constant stress (J. By integrating equations (2) and (3) it may be shown that the
uniaxial strain for n = v is given by

e(t) ~[1- (1- (n+ 1)2 ~) I!(n+ I)J
A +1 T '

(56)

where

~ = A(Jn(2n+ 1) ;
T n+l

whereas the upper bound yields, on equating (J = (JR,

e(t) :S ~f( n, ;). (57)

Equation (56) and bound (57) are shown for n = 3 and n = 5 in Figs. (4) and (5). It is in­
teresting to note that the two curves are coincident at the rupture time TIT = (2n + 1)/(n + 1)2

10

Analytic. (w-O)

Upper bound equation (57)

o 0-1 0-2

T/f
FIG. 4.

0-3 04 0-5

when e(t) = klA. The error before rupture is encouragingly small. It may be noted that a
knowledge of the rupture strain and the upper bound allows a completely accurate cal­
culation ofthe rupture time. Furthermore, we see that the bound (55) may be interpreted as

f. Piui(T)dS:s (JRe((JR' T)V
ST

where e((JR' T) = (kIA)f(n, TIT) denotes'the upper bounds on the uniaxial creep curves
exhibited in Figs. (4) and (5).

We now proceed to compare the bound with the behaviour of the parallel bar structure
shown in Fig. (6) which consists of two bars of equal cross-sectional area a and of length
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o 0'1 0·2

T/T

FIG. 5.

Analytic. (W·OI

03 0-4

L 1 = L o and L 2 = 8Lo. This problem has been solved analytically for the equations (2)
and (3) by Leckie and Martin [8]. The displacement of the model at time t for load Pis
given by

(
l)v+1-n

pn-v L-
u(t) = kLo Ij {1- (1- A't)(v+ 1- n)/(v+ 1)1

A(v+ 1) (~_1_) i,
f..., p+ 1

J

A' A(v+ l)r( 1)
~ (Ir' Ilt' ,

p

FIG. 6.

(58)
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where

A. R. S. PONTER

II = (~:) lin

As the limit load solution is given by

and _ (Lz)llnlz - ­
LO

then

and the upper bound becomes

k (T) 1 (2n+l)20'Rau(T) :::;; AO'RVj n, T ' T = Ao1< n+ 1 .

Therefore

U(~kAa :::;; H(n, ;). (59)

The bound (59) and the analytic solution (58) are compared in Fig. 7 for n = 3 to the
time when initial rupture occurs in the shorter bar. The predictions of equation (1) are
also included, to indicate the additional displacement due to the presence of damage.

The most remarkable feature of Fig. 7 is that the analytic solution and the upper
bound almost (but not exactly) coincide at the instant when initial rupture occurs in the
smaller bar, which provides the limit of validity of the upper bound. As the strain at rupture
s = kjA is known a priori for the case n v, and the displacement u = (kjA)Lo is also
known from consideration of kinematics, it is possible to obtain a lower bound on the

om ------------------------------ --

o·!

TIT

FIG. 7.

0·3
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initial rupture time as the time when the upper bound equals this value. For the case shown
in Fig. 7 this estimate is extremely close to the analytic value.

This procedure may clearly be applied to any structure where the maximum strain is
determined by the surface displacements. Further discussion of the application of the
bounds will appear in a forthcoming paper.
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APPENDIX 1
The complementary energy is given by

F = f: (fL-a(t))e(t)dt = f: 4>(w,w)dt

where

(AI)

For the second variation of wwill be negative provided the following inequalities hold

and

(a24» (a24» _(~) 2 < O.
aw2 aw2 owaW

(A2)

(A3)
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Clearly (A3) is always satisfied for w I: 0 as </J is a linear function of w. For n = v and
J1 = [(n+ l)jn]a(T).

As OJ > 0 and· w < 1 we see that (A2) is always satisfied. Thus 15 2w< 0 for arbitrary
variations in wand OJ and we conclude that wcan possess neither a minimum or a saddle
point.
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A6CTpaKT-Pa60Ta 06cylK):\aeT rrpJolMeHeHJoIe rrpJolHUJoIrra 3HeprJolJol (10) ):\JIli KOHCTJoITYTJoIBHblX COOTHOllJeHJoIli,

KOTopoe OrrJolCbIBaeT pa3pYIlJeHJoIe MeTaJIJIOB BCJIe):\CTBJoIe rrOJI3y'leCTJoI. YKa3aHO, 'ITO rrpe):\eJI Ha rrepeMe­

meHJoIliX TeJIa, rrOJIBeplKeHHoro ):\eliCTBJoIIO rrOCTOllHHoi{ Harpy3KJoI, MOlKHO orrpe):\eJIJoITb rrpe):\BapJolTeJIbHO K

MOMeHTy, Kor):\a rrpOJolCXO):\JoIT pa3pYIlJeHJoIe B Hali60JIee HarrplilKeHHOM pail:oHe. )l.JIli HeKOToporo KJIaCCa

KOMrraKTHbIX KOHCTpyKUJoIli, rrpe,ll,eJl CBO):\JoITCli K rrpocToli <!>opMe, 3aKJIIO'Iali rrOBe):\eHJoIe pa3pYIlJeHJoIli ):\Jlll

cpe):\Hero HarrplllKHJoIli. TIpJolMep KOHCTpyKUJoIJoI, COCTOlimeli JoI3 ):\ByX CTeplKHeli, yKa3bIBaeT, 'ITO MOlKHO,

rrpJol HeKOTopbIX, yCJIOBJoIlIX, nepeHCTJoI napaJIJleJIbHO rpaHJoIUY rrepeMemeHJoIli K HJoIlKHOMY rrpe,ll,eJIy, BO

BpeMli Ha'laJlbHOrO pa3pYIlJeHlI1I.


